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Let us break integrable equations softly
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1 ([FU®IC
BES(L TR, A BORR S N2 ESHER A EIE

rhrﬁoelog(e‘}/f—}—eB/E%—--‘) = max(4, B, ) (1)

IZE TR (774 2) REZFRER, ThbbBEEHERICER
TEHFETHS [1]. COFRITESFERICBNTERITD E<HEL, WE

AL - VU U (BB WIEHBIRAR - REERE & Vo ZafEMEIC D
LHEIBBEE RO EEFEBRILTES. ULhLads, FERARATEHY
S8 D BT AR LTI, Founskidsionsichs. 28k
S, FREICE > THRANITEERHEREZEL IENTEEELTD, %
Lo THMELERTEDZNNHRELBZNWNSTH S, BERLIIIHEELTS
EWVIHREII <, MORNTEIE<EINERRUREEETH-> &I &
D73, BEOMEOIRRICHEAN D D, MOEEIZ DN THESARRITETR
B2 b ONIETHES AR VWD T, BEEICRNTRTIEDTES IS
MPBRNDTH 5.

UinULRms—aid LISUIZREBR TH Y, EELHEROTIC SRR
BHEEEF O TVWIHBERAN S SAH S, £/, AJHESREHRICIDOVTS, 7]
FtEE DL THELTLES SMBAHTERSARDZ EVIBEERHD, b
IB Ao EMENREBRNBONEREDTELH S,

COXIBRFITH LT, AlfED QAN S IEalFE 5 0 F i s s R 2 R
UDODEEICEZEDNL, FaFED TEAOBEIC DN TERRERI - &
BONDZOTRAVWNENWIORNEZEOHHETHS. BEEFERIZZOHT%
b HERMRE A RERO—@ICTET

o FFTHYICI3MEHEGH THRITTE 2

o BEFHR THORENHBEIT/RD Z&bin, BWANC OMERREEB
A%

o HEROHHELZAXTHEEL LT, REFE - HRUBENREZHROBERIC
&I D



EWIBEAHD. INSORMOBMNTTHRRELZERICESNTIC, DOF
DEEFETICHEOFTINTE S, 7 NE/RR EDORDIHFHERD A A MR
TEEINZEHOVEDDHIIWKH S.

LLARNS, KOREHERLETE2BNOXMRICTSE, HEHTITHIABL
THROBEBENRAZNWI ENE N, 2 TEFERCBEEAEREZ Y
MCUTEITZRTY &, E0THREMEZ, BEHTEROEIZ W REID
BARMHTES. ZOXHIREEERFICTERLIE, EVHATIREBENEK
<HhoTHY, BEEHILH 0T WAES ARINOBLICEWERS S &5 2
LHORERTHAS. TLUTHEREDLLTOEL, EEs AEXOFRITHE
MOREGREEGNICBITTERNES DD,

FRETH, EOXI2AREZFICHDE, EFHESAEREZDOLETET LN
SRBEITD. IOBICEEROIL, EZ5 - BEROARAPFERRIIEENDL LD
RBLDERBREVNITETHS. HELTTIELAERDNWTE, BaRNSH
BEIZDWTHRASNS I EddENARL, THEBELAHITHAER—RN. £
NTHEL - BEEHR G ORENIEEL TWD I EFHSNTHY, SEROER
DEBFOEE L0,

2 RENAERZE-LIZELES
¥ UFOENARAEER S
14z,

(2)

Tpt1 =
‘n—1

n R EZRTEEER THZ. ZosElid, AHESEREGELTHONS
Quispel-Robert-Thompson (QRT) & DIEH IZERIREEITI> T, fEOKH
REIUTOEDTHD, EEOWEMEN S DEFNEITS 725,

_ 14z o 14z

1+ zg+ 21 -
o) ) T3 = / ) T4 ‘ ) Ts = To, Tg = T71. (5)
Ty Loy T

(2) BRI 2 L TBY, BT A—F c 2B OERER

T = X/ (4)

BEEILERICe — +0 DRERZE & 2 S BEEH R
Xpp1 = max(0, X)) — Xps (5)
BDESND. LOBEERNEROHE TAREERD DI, o, > 0ET

H5. bULAMIE 2, 2, BEDRIETH D725, TOROERDOKLI T, EET
HHTEN(Q2) LVTIThNS. UK TIES EBEMOMEDONIEZERT S
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DT, 2, >0 THDEHRELTHL. TOESHBFERRICL TEBEBILFTRETH
0, (3)&D

X2 = max(O, Xl) - Xo, X3 = m&X(O,X(),X1> - XQ - )(1,
X4 = maX(O,XO) - le X5 = X(), ){5 = X]_

£, max KOWTOEANZARZANIUL, HEX(G) BENS L I0ME
RS DED, AREAEMOty M EFELRHEBERILTES.

ST, (2), (5) DALD z,, X, EENTN 15, X, 5 ITEEHA D ERANE
515,

(6)

1+,
Tpyy = ns (7)
Tn—1

X1 = max(0, X,_5) — X, (8)

BEAA(T) IS (8) NOHEBELIZTORE LRRICHTETH S, £/, TOH
BROEH S OBR LOABRRZMZT IEEZOREDENSHALSNTHS. &
ZEHDRTINENDT, ZNUSNOES < SAFEET BN, 2, (X,) DEERR
L0, FEEL EEEEELD 2, (X,) BBEVWEERICEE > TV Z &by
%. 22T, LosElix

B = T, ©)

X1 = max(0, X,—a) — X, (10)

EESHATOEDT, BEMORTIEIZITHD, LD (2), (5) DRIT2MBEDE
DWALETTHS.
BDSDENOHEZELUTIORT. £7, ) OWHEZ 0 =3, 01=2,1,=1&
UTEERREEZTTD &, 2,13

3, 2, 1, 4,
0.75, 2.66667, 1.875,  0.933333, 3.92857.
0.731818, 2.64182, 1.8656, 0.928292, 3.92314, (11)

0.730434, 2.63993, 1.86488, 0.927907, 3.92273,
0.730328, 2.63978, 1.86482, 0.927878, 3.92269, - ..

LD, BEICEM S OAMBICENEL TWA 2 Ebns. —4, (10) DFIH
% Xo=3X1=2X,=188,2E (2, & X, OVHEARRCTHDZ &ITE
FEEERITZN)

3, 2, 1,2, 0,

1, 1, -1, 2, =1, (12)
1, 1, =1, 2, =1, -

E7RD, n=5LIBETREE s OFBFIIR> TN,



FEREBOEHEICH LT, (9) 13FEH s 0FEMAEITHEILL, (10) 3EK 5 OF
HMeDbDITEBIAD I &%, Bl v 7/ 7ZEEIZK> TRTZENTE 5.
EEEMNEMICIRAD T, =0, Tn 1 =y, 2p=2REERTIEITLED. T3
L, FENFENOY Y7 7RIS

TYz l+z+2

== + R
l+z+2 TYZ

LIX)Y,Z)=|min(X +Y,Y + Z, X +Y + 7| (14)

lz,y, 2) (13)

(zyz+yz+a+2z+1)(zyz —3— 2z —1)%
zyz(z+ D)z +z+1)(yz+z+2+1)

(15)
ERD, W 2 ~ 2 MIRTETayz —2—2—1#£0R25, [EnlZDNWTH
FRAOTHS. F/2, n— 00 Tl—-0ERBEIEHRY,

l(In—Qr Tn—1, -In) - Z(In—-lv T, -7;71,+1) =

zyz—x—2z—1=0 (16)
Thbb .
Tp—1 +
Ty = ST (17)
Tp1Ty — 1

METRIHIET S EAbns, - OHERIZ (2) DM (3) DB - FEHET -
OERwET HEATHO, BERUSMNIEL S OFgEE25.
FERRIZLT

L(Xn-—2, X1, Xn) 2 L( X1, Xpy Xn1) (18)

TRTIEMTE, S SIHBORZLIRE
Hlin(Xn_g + X1, X1 + X0, Xpo + Xo1 + Xn) =0 (19)

BEROILE, THEFWT (10) OFEAEL 5 OEERIESAD T & ERED,

PLEORERIY, THAFERE I52< 2o SBT) 251, RICHRNEIEH
EHFED TN E TR L TN 5, TOTMAFEAORIIEEMN TRER—E
DHBIZ D> TRBDITHL, ELAEFBERIZZOLS RHBEOVE DTN
TESN TV OTH S, £, LOBREEDOIESHFEREFTIIETS
U<, BEBOEREBZELLTEAOHOBREELEVWIBRLATMA
THL. Thbb, BEHAEROMAO LTSN, EHHRIICHT 2 M5
ELARMLTLNEDTHS.

3 BIDELA

RIETE AN s OEEO S 2 HRERZEL THE. —EFHE WD HRNIEE
ELOEMICHL TCEFORMEZFALTELEZOT, B5NEH0IZHHRMN
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BYRIO5E) T ) TEENEET D ENIRERIIR- . SEILY S 1o
SEEL WIS T B, B¢ L s AR

C+ Ty

(20)

Tpt1 =
Tn-1

ThoH EEcNIDEE 2 ITRETLIMN, c# 1 DEE—ERAMPOMERHI
W LnLBRDS ZOFBRRIITHED TH D, h(Tn, 20) = h(Tn, Tnir) £ 55
i

1 1
hay) =z +y+let)(3+0)+ ot s+l (21)

IWEEL, MEEHERTERTES. b, ZOHTHEBEILAIEE &, &
BHEz,>0MDe>02RETS.
FRVIAE P (2n, ) NCHIENE 20,21 KV EED

h{z,y) = h(zg, z1) (22)
Ot EE L2E<. c=2 0B A0EKOHEEK 11577

Xn

X,
12 3 4 56 7

B 1: (20) DAEFEEANOEIE (c = 2)
BB 1, = /5 c =% ¢ » H0ICk-TELN, FRREEERITE
nen
KXns1 = max(C, X)) — X, 1, (23
HX)Y)=max(X,Y,-X,-Y,.C-X,C-Y,C-X-Y,X-Y)Y - X) (24)
ERBD. C=20880MFHNOEROMBINELK 217, HOEMIEHE

BICRAD, HRAMICASIIEEIRE DR E - THENS 3.
KIT, (20) BUTOLS IAET 2.

N

h(mn—h‘r’n) C+Z’n
Tpt1 = h :
0

(25)
Tn—1

he REQEHTHS. ZOHRRIBEPTHATIIARL. LHLARS, bl
?D%H{ﬁﬁi h(iEo,l‘l) = h,o %{ﬁf:j—;’g%, h(.’l‘.o,xl)/ho = 1::]: D, .J:@ji*%it((iﬁ:



j

2

M@

2: (23) OMEEANOHIE (C = 2)

D (20) EZAMITSE 0, TP DRI DB S BT bz, 20) = ho BT &
Wbms. THOEHREANT h(z,y) = h QHBIIMIEI 25, TE, h
US OHEHED SHBT 5 EES3BDTHEIM. ¢ =2, hy = h(1,1) ELT
(wo.21) = (2,2), (10,10) 7 SIEHREZFHEL R AR 3107T. BEEED
R Mz, y) = ho KESHNTVSETIBERETES. DED ZOMEH
T RS0 OREERELTOD.

[ A N 2 e B C{):><
ks

n-1

X,
12 3 4 5 6 7 8

X 3: (25) DFRDF. ¢ =2, ho = h(L, 1), FIHE (20, 21) = (2,2), (10, 10)

EESUNDEEOENT N T 7 HIHHET 5 EDAIFTDEIATET
Wiz, L L, SEIEAME? S OBEFEERTOLER 250
CERELWEDTHB. b, BELNOTWAILILTOMD THS. (F
BEOnTz, >0V RIREZZTHAHNTNS.)

o BEARDED UNEEET, hiz,y) = ho DEEOHEIZH 5.

0 2, >0, Zp >0&ELZEE T, >0ERDKDR 2, HDED LMW
M, FELRV. LMo TIEDRE T 2MRITT B2 5 AlHEENKR D LD,
F72, HEERNT h(z,y) = ho DPEIZENLADOENSRTAALTS ST
Eidizn,
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o LIeoTh(z,y) < hg DEHORIEHICTOEBENICE EE 5. h(z,y) > ho
DEBICDNWTBREERTH 2.

Tid, LOABERZEEEBILTSEED2DTHAI M. (25) 2HBEEUL T2 &
Xn+1 = H<Xn—17 Xn) — Hp + max(C’, Xn) = Xn1 (26)

BBENB. C =2, Hy = H(3,3) LT (Xo, X)) = (1/3.1/2), (2,7) 15 B HRR
EREFBE LR EZN 410R T, ZOREBRM & S BITHIHRA(X,Y) = H,
CEDE, SSIAROBLITEOMR LICEBADETIERTE S, BEH
MO & B 0 BOMTEOERRARTH D, EEAUMITTHE
DEAITT 50 ITHEBRAD T E&TRED.

Xn
8

6

Xn-1

B 4: (26) DFEDHI. C =2, Hy= H(3,3), FIHME (Xo, X,) = (1/3,1/2), (2,7)

TR, #EOXDICU 7 TEBERRAENEIDENIREEZEZS. £
THERROAERCDOWTE, UTOHEBICLOTETHLEEZBNS. (26)
W (X, Xo) W U TRFTRNICERED HRRTH D, FEANRLRLY A 7T
725 XD IMTEE N OESRIIAREIC DN NLDETTH S, £, HAEENS
MOBEHANDOGRITT 74 2 THD, TNSEHEZZSABBNSFEDTY v+ 7
J7EBEESDIZTIZEHL /2. =20, MoOARBRTIHEICERE2ET
WA, (26) IZDW TGS T ORMNE S FRINDN Y, BEEENETFT
5.

RIZESROFER (25) ICDONWTTH S, ZHIHEEZICSATHWTHIE
S5TERETAWETHS. BELNO TWE I EFFNFELL RN, &2
i, HRROEDENS hiz,y) BER) v 7 JHEKTH D EDHIHTE 2.
TIT, ¢c=2, hy=h(1,1), zg = 21 =8 DIHFAIT h(z,, 1,) DKEHIE(LE T Ty
FMLEBDZER 5ITRT. hiZn I DWTHBBADTIRZL, \EBLZASHEL
TWa, Ko ThEHIRY Y7/ 7ETIEARN.

RiZ, 7RI ~NOHEHEICEL TEIGRRAEZZ DS B,
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18
17
16
15
14
13

n
10 20 30 40 50

5 (25) 1B D h(zny, z,) OEHIZEI. ¢ =2, ho = h(1,1), (20,71) = (8,8)

o h(z,y) < ho DIEBOSIHICEOEBNICE EED. h(z,y) > ho DT
DWTBHEKRTH 3.

EERTDHE,
Uan-1,n Zlh Ty-1, Tk) — hol (27)

N h(z,y) = ho Uﬂf@iﬁiuﬁiﬁﬂﬂfﬁé% TENbNG. rB, IEORIZEREL TW
DT, nZEELT 1y, o, NG ZSNIUTAHE L D DATOBRILTRTH
Mma. EoTld o, 1, 2, CUMKELRW. c=2 ho=h(1,1) DHEIZ, #1H
E27 b5 275 OB (2, 2,) = (3,3)) &AM ((zg,21) = (8,8)) 1T & 71&%@
Uny, ) DML EK 6 (a), (b) ITENEIURT.

1n ln
40 40t
301 30
20| 20
10 10
n n
20 40 60 80 100 20 40 60 80 100
(a) (b)

6: (27) D U1, 2,) DREEIEIL. c =2, ho=h(1,1) &L, (a) (z0,71) = (3,3),
(b) (8,8)

MK E S | M—EMITNETAHEIICRZS. 1280 — oo TRRT S0
EELD 1Lm h(xp_1,2n) = ho DLEFETHLDT, | MNKTHZEWET D
DS BT E R BEL WA E RS TVS, BB, | F oy, o, DEEE
UTEHRT S Itk 0 EEMIcEgET, B8 (V ) ESECEDMEL
THRMICEETELM, 2 SERABRIIELS AN k.



4 fthofl

RIETCII D FERERERICK T IZ0 & B LY, TR0 9280
ABLOBEHAREREFABICELZENTER. £2T, RULIRAETH
OFBRITDONWTRHAZF L, 20) KRBRZEREMAEAEZRT. =70, ¥
EFHEICL > TROBTFAERIEITICEED, BERERSICOVWTIIARKT 2.
Fz, ENLEEEHYLATRETH 20, BEHAFERXOBRIIDONWTIIERT S,

4.1 QRT (RORDEAT
QRT ZOR DY A Sz

C+ Tn .
Tpp1 = ,T;n_ll'i (28>
WHoD. REEIT L
h(z,y) = zy + Loy (29)
y Ty
THhab. INSEHANTEE EFABEOE CES 258
- h(mn—hxn) C+ Ty
Tnt1 = o : P (30)
DREOFFERBORFER 7ITRT.
4
3
2
1
1 2 3 a4
® 7: (30) DREDH
4.2 FRALRTEEIZ A4 DR
HE X
Tptl = - (31}



i, #IHEME, S . .
Ty, L1, —, —, Zo, L1, - (32)
o) 1

EVWSERRBREET, —RICHE 4 0B ERD. Xy, =logz, ETHIE

Ynt+1 = —Yn—1 (33>
MESND. ZOXIIT B IIRBILTELARATH DN, BANLREER
1 1
WMz, y)=z+y+—+— (34)
r Yy

BEEZLHIENTES., INEHANWTES HIEEEAHER
h(l‘nvly :En) . 1

ho Tn-1
BT NI EED. BOBBRBROKTEZR 8ITRTY. hz,y) =he D7

RS2 FTIREMAOBRMBETHLIOT, BE LRI NSV FDEDD %
ENEWNIZE D TW5.,

Tpyr = (35)

Xn

[ ]

B 8: (31) D#DHI

4.3 (20) DRIDELA (£D1)
RIETTED o 7= AR (20) T2 b

c+xy,

Tny1 =
n—1

LT DRFRE

1 1 c T Yy
ho.y) = pal) Lz,
(zy)=z+y+(c+ )$+y +my v

35
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ZRNWT, 4EIX
ho C+ Tp

: $n~1:mn) ‘ Ln-y
ELTHS. 25LTh hlz.y) = ho OF M I FWREET B T Ll Eb DAk
<, BIIR 9 DL D RFHEREZITD.

Tnt1 = h( (36)

¥

[ > I VS S~ § ) B¢ ) -1
13

n-1

o X
12 3 4 5 6 7 8

X 9: (36) DEEDH

44 (20)DRIDIELE (£D2)
X512, (20) %

h{z,_1, xn
(;———-——(T“ Sk )—f—rn
]7/0

Tn+1 = (37)

Tp—1

ERFBLTD, WMo,y =hy W7 ST 75 TH2. MOFIER 10177,

4.5 (20)DRHIDELE (€D 3)

BHOBIE, (20) %
1

+z,
Tpoy = T2t I (38)
. Ln-1
EERTS., ZOHBOT NI FEITO (20) ORERSEBRIZRD, BHRT
EFxW, LA URDASH ILIORENZEMEAERRIIT I 7 IBEELTWS
TEZERBLTNS.
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T T TV
=]

X 10: (37) DfEDE

10

Xn-1

10

11: (38) OO

4.1, 4.2 ORI, RIHOBELAMUOAES ARRNCOETH D I L &3
LT3, 43 44 OFERIT, ZOELUHUNOEOREETHIEZERL T
5. ESITAS ORI, 7RIV YOHREEEEICT S5, boihAng
BELAMRSBZEERLTNS,

5 EOIEBICA—BRAYLATEER/S — kA ET

IOESETE, T I INEET HBHERICA R 2 BEEES T REICTER
EUTTE A HREREAETEWIRBCBNTE, REZFOVY 2K
BRCEROEREZTD CENTENRIEBNTH A S, LHALANS, MR
RERNUEERMES D, TNSRERIT-RICERARKICET 27O/
TLED. 50&ZA, YU R ABROIEVWELAITDWTERAD TSR
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WIREETH 5.

AT, 7RIVIDEETDENS 205, JIOEEOIRANEZ SN
5. FEEAE n OMICEMEREZEAL, EHOLERIREZBMNIZEAT S Z
ETRISIEBARERD L D73/ — 2 BRT D2 HBRREEL ZEMTELDT
HB. TOTATTIREDTVTWLS DONOEEFZESD Z LRI L TWEA, %
OHEDOHDEVDEDRY B TUTICHAT 5.

9, TiohsARRL (37) Thabb

Ch(fn-—lv 1'11)

+ Tn
h
Ipy1 = , )
Tn—-1
1 1 c Ty
Moy =rty+e+D(c+-)+ =442
Ty Ty Yy

TH5. (AUREBZ 25)ITDNTHIT D E< iz 7c.) EoxFERIC
2RITTDZERAE G, j ZEAL,

h(z?7t, 2)
c

n T n s n
i %) | Ty + Ty T T T T T

ke h 5 \
ajijﬁ—l = : n—1 (39)
‘I’ij

ET5. TRROBRER ¢ 13K n ZT TR EMEEZ ], j XHKETS. HR
RPTi, jEREENDZ D5 2B ETEIHROESTHO, ZOKIIBTE
(1,7) EFDRAFERIBIT S 2 OFEEEEL TS, T LT (39) IZELFOR#
BTV,

o PHEEOHEIZL D BEMICHHZIRNEAINTNS.

o o Wi, JITR SIRNK D BYIHED 5 OFFIIEIZ i, jITR BN, TRADE
R BB DNEEL, J0EE L =13, ETBHE EENITLEND.

o HBHHULFIRETH . 2, = XN c=e e 10 ETBHE, (39) M5

Xi’;.“ = max(C + H(X{‘Ji‘l, X3) — Ho, Xy Xitijy X, XGo1 X))
rn—1
— *Xz’j ,
H(XY)=max(X,Y,-X,-Y,C - X,C-Y,C - X -Y, X -Y,Y - X)
(40)

"Eohbd.

(39), (40) IT U THUERHE 2T o 2l Zm Y. £TEMROAER (39) ITDONT
We=2ho=h(1,1) &L, M ), o}, ODNY 7757 > Ma& U TZEM—#
ROEEROME, Tab5

I (41)



Bl s Z2RATS. TLTHBOHRROEECCEHDICHRET 2 LM 12158
TEIRY—Ty "I —URBRINEZ. £z, BUNvITIT 2 FMEIZH
UTEATHEOBEZMAZMENSHFETD E, K 13ITRT XD ANA
VAIZAV AP -t == % gl

510, BEEIROFRR (10) 1L TCO =3 Hy=H(1,1)=3&LEEED
HUEETEEREZRT. COEEONY I T IY U REIRX =1THD, HELH
BEZBRREAEED G, nITHLTO0< X < 3OHBEICEZRETES. K 14
W =Ty M=%, K’ 151 FI8Y — 2 &RT. fREbEET A
TOEZNSRIEAFTELTED, 005 3 ETOMEICHRL TENSHOREH
BEEVYTTND, =7 v b, AN FNOE/NY— > EDEKNICER 4O
BRI Iz TS,

B, TOXIRNI—EERTARMEREOHERELT, EEAE

xn Xp 4,

Xz?}-i—l = max( i—1j z]+1? Xn) inj—-l (42)

i+10

EWSESRERISCTNBDONB D [1]. (40) DRERD S MKT BHER
FERUEE LTS,

SE 3k
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