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1 [FL®IC

1.1 [@ZR50n7
Bl 2 TR O REFEX
AsX® — A X2+ AL X — Ay =0, Az, Ay, A1, Ag >0
% B L7 R
max(as + 3z, a; + z) = max(ay + 27, ag)

OFREIZHSNTEZ D,

1.2 MEDOEHE

1. EESE U bR 21X KAV FRBR, Lotka-Volterra FHEZ, FHFBAR L
O KP B FER VT, LRGSR T AR FRRIIERE I
W AREFRAIIR D,
Lo CTEEHY U b ARREZ BRI L X5 &7 5 &L REFRAO BRI
MUEIZ2 5, KPEIOBEICITEERREE L2 2 ROREFGEKXIZR D,

2. L7 L KdV+Sawada-Kotera #&70<> Hungry Lotka-Volterra ®%5& 1214 3 kL E
DREHFBRAPEN S, o T3RULOREFEXOBHEBILPLEL 2D, —
DB T ERL TOMIONTHER D,

1.3 HEDER

BEEE A FBRR L FOMICET ABEOHEICONTITLE A LML oMby, Ho
TWAZEIRRDOERZITTH D,
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1.3.1 1RAHAER

ApX + By = Al.X -+ Bl, Ao,Bo,Al,Bl >0

X = —(By— B1)/(4 — Ay).

TH D,
Lo L 1 AR e R L L7 52K

max(ag + x, by) = max(a; + z,b;)
DFIIHERIBBETH D, RISV TIROTERH 5.
Baccelli F., Cohen G.J.,and Qudrat J.-P. Synchronization and Linearity, An Algebra for

Discrete Event Systems. John Wiley and Sons,1992.
Thebh HERER RN

max(ag + z, by) = max(a; + z,by)
DIRIXRD 5 ODJEIFEIND ¢

1. If (ao > a4y and bo < b1) or ((ZQ < a7 and bQ > bl) (1)
then

z; = max(by, by) — max(ag, a;) . unique solution.

2. If ap # a1 and by # by) and (1) does not hold,
No solution exists in R. -

3. If ag = ay or by # b; then

z > max(by,b;) —ag  : nonunique solution.

4. If ag # ay or by = by then

z < by — max(ag, al) : nonunique solution.

5. If ag =ay or by =b;. All z € R are solutions.
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y  flz)=mex((2z + 1,z +2)

y=z

/
yax((:c -1)/2,z - 2)
e :

S
/

K 1:gof(z)==2, flz)=max(z+1,2z+2), g¢(z)=max((z-1)/2,z-2)

1.3.2 EREREODHR (2000 FLE, RER)
flo) # MR L g(z) % f(z) OMEKET2, Thbb
goflz) ==z

TH b,
FHEEIT max-plus B

F(@) = max(az + by, apz + by),
(a1, az > 0), OWEHIT
g(x) = min((z — b1) fas, (2 — by),/as)
ThHTLEERLE (M1B8H), BERS
o f(z)
mm((f(x) —b1)/as, (f(z) — ba)/a

= min(max(a:z + by, aox + by) — b1) /a1, max(a,z + by, asx + by) — by)/as)
(

= min(max(a;x, aax + by — by)/ar, max(a,z + by — by, agz)/ay).

EIRDBBERT

(1) ifayz >= ayx + by — by then
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r.h.s.= min(z, max(a,z + by — by)/as) = z,

(i) if a1z < apz + by — by then
r.h.s.=min((ayx + by — by) /a1, z) = z,

k- THR
go f(z) ==
L%, EERKDY, b —EE L
f(z) = max(a,z + by, asx + by)
DT
g9(z) = min((z — b1)/ay, (z — ba)/a2)

Thd, LTT. ZOBRE—RlLT L. 5

N

Z max(a;z + b;) = max(a;z + by, asz + by, -, anT + by)
J=1
BFEANTL L
N
f(z) = max(a;z +1b;), for a; > 0.
i=1
O EEEN
N /
g(a) = _min((z — b;)/a;)
j=1
D,

7= & ZIERD flz) OHBEICIT, FEEET L
f(z) = max(a,z + by, asx + by, asx + bs)
= max(max(a,2 + by, aox + by), azz + bs).
L72B0T, flz) OHEET
g(z) = min(min((z — b1)/ay, (z — ba)/az), (z — bs)/as),
= min((z — b1)/a1, (z — by)/ag, (x — b3)/as).

TH D,
HEBEITEOIZRO & ) 2EBBAREFT RO L RO TN D,
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1. max(0,a; + z,a9 + 22, -+, ap +nx) = ¢, ¢ > 0 DRI

z =min(c— ay,(c—a)/2, -+, (c —a,)/n),
2. max(z + a, min(2z + b,3z + ¢)) =y OEEIE

z = min(y — a, max((y — b)/2, (y — ¢)/3)),

TEZLNHZERELTRLTND,

2 2ROKEAEXDERMIE
2RORETFTEK
Ay + A1 X + Ay X? = By + B1 X + By X?
DB EEZ D,

2.1 FEADEEL
1 RO FEROEOSFECHLEE 2O T, T HFEXOERBILEEZ S,
2 R HFEX
AO - BQ -+ (A1 - Bl>X + (AQ - B2>X2 - 0
BFEEHET, Ag-B A0 DL &
Ay — By

Az Biy, 2X? =0

I T )

(A; — By)(Aq — By) (Ay — By)(Ag — By)
YT B T (A - By
Thbd, OB (H5FE 2R LIEER) LEE L LS,
Ay — By =0 0L 1 RFBRNCEKESEEND, ZTOEELEED & T THITHN
7o 1 IRFRER

X?=0

A() -+ A1X = BO + BlX

DEFEITA -B £0 DL X
(Bo — Ao)(A1 — By)

X = - , or
(A — By)?
¥ ABy + AgBy — (AoA; + ByBy)
(A1 — By)?

k fcﬁ V) N ﬁ%ﬁﬁﬁg @%iﬁ;i Ao Sé Bo and A1 7é B1 D CE %
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1. #72 L, If max(a; + bo, ap + b1) < max(ag + a1, by + by)

2. —{E @ max(a; + by, a0 + b1) — 2max(ay,by) B3 D, If max(a; + by, a0 + by) >
max(ag + a1, bo + by)

LI D,

2.2 2XORBAEXDBEHEE
2 RORIH R DIELET, (A, # Bo)

(A = By)(Ao — Bo) 5 | (A2 — By)(Ag — By)

2 __
Ao — By)? - (Ay — Bo)? X =0
\ )

14

B, ZZTCTXD1IRE2ROBEEZLD T A, Ay EEL &AL Ay DIERICHIGLT
2 RORHFRAIZKD 3 SO EITSEENS (4, Ay > 0).

1. 1+‘41X:A2X2
2. 1+ A X?=A X
3. A1X+A2X2'—‘—1

. 14+ A X +AX?2=0 DFEAIE X OFEERIIFEELRVOTHEESTIZEDRY, T
S OBE IS U TR 2 BRI

1. max(0,a; + z) = ap + 2z
2. max(0,ay + 22) = a1 +
3. max(a; +x,a0 + 2z) =0

EHEEND.

2 WG REIORR & BB L7z b 0 LB 2 TR ORI — By 47
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2.3 2XxARERXDOBEOBEEEIL
BAIC < monNTWD 2R FBEROE 2 BHERLT 5,
1. 2B AX2P-AX-1=00DEIRO225THD,

Ap + (A2 4 44,)Y2
2142

~ (A2 + 44,)1/2
24,

X1:

A
XQZ !

rp = max(as, = max(?al, ag)) — ag

az)
EEEARIC 2 B2,

B B 1
= max(a; — a4, — 2
BEEND, Xy ITERETHHDT

9. 2QWHFER A X2 - A X +1=0 DRIZKD2OTHD
Ay + (A7 — 44,)'?

Xl - 2A2 ’
Ay — (A% - 4A2)1/2
X —_—
: 24,
2

= Al +(A%_4A2)]/2
INEHEEERILT D &,

(l) ﬁ?t@ L if 207 < ay.

(i) 20D 21 = a; — ag, Ty = —a; if 2a1 > aq, BELND,

—A;+ (A2 +4A,)Y?

X =

24
B 2
AL+ (AT A4
X, = —A; — (A2 +4A,)1?

24,
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Y
y=as+2x y=a,+22

/

/ 2,0) = —ay/2

[ P@2,1) p(2,0) = ~a/
p(27 1) = a; — 4y
P( 1)=—m

P(2,0) = mjax(p(2,0), p(2,1)) .
/ P, 1)

2: max(0,a; +1z) =ay +2z 1 DD,z

I EBEERLT A L, R 1 DD
r; = — max(a,, 3 max(2a;, az))
1
= — max(a;, 5(12)

V4

wELND,

2.4 HEHE2 REYFTEROROLE
WIC BRI STz 2 KRBT B OB AT~ D,

1. max(0,a; +z) = ay + 2z

COBE, T ODERy =04+ 22 L TODERy =0, y=a; +x DRAD
z— FEFE {p(2,0),p(2,1)} DFH D, M2 LVBTR1D:

z = max(p(2,0),p(2,1)) = max(—ay/2, a1 — az)

TH D,

Z ORI 2 RRETRROM A R Lz b0 e —~B LT D,

2. max(0,ay +22) = a; +
TOBE, 1 ODERy =a +x & TODEMy =0, y=a+ 2z DERD x—
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Y
yEa+x
¢(0,2) =0
p(O,?) = —a2/2

(](O, 2) > ap +p(07 2)

3: max(0,ay +27) =a, +z: B2 L

JEAZ {p(1,0),p(1,2)} DFIZHDH, K3 LD

(1) M7z L if 0>a+p(0,2) =01 — a2 orif 2a; < a,.

(i) 2 20  xy =p(1,0) = —ay, =z =p(1,2) =a; — ay, if 2a; > ay,
Thd,

RS 2B FRAOBLBHEL LIz b0 L~ LTS,

3. max(a; + 2,00+ 22) =0 ZOHE. BIZ1OOEMRy =0 & ZODEHMR
y=a+1z, y=ay+ 2z OIRDO r— FEE {p(0,1),p(0,2)} DFIZHDH, 7778V
fRIZA 1

z = min(p(0,1), p(0,2)) = min(—as, —ay/2) = — max(a;,ay/2)

Thb, ZOHYL 2RAEGEAOFZEHELLIEbDL—R LTV,

E RS p(1,0),p(1,2) 2 EICHOWTIEE 4 & { —REHRAEXOR } 2R 1,

3 3 RAREXDE
REEGEE 5 L BEK S RFRAESER
14+ A X + A X% + A XP =0
DIREL Ay, Ag, As DIERIZE S TRD 7BV ICHESND,

1. max(0,a; +z,ay + 22) = a3 + 3z, 1



2. max(0,a; + z,a3+ 3z) = a, + 2z, 0 or’ 2

3. max(0,a0 + 2z,a3 +32) = a1+, Oor 2

4. max(a; + z,as + 2z,03 +3z) =0, 1

5. max(0,a; + z) = max(as + 2z, a3 + 3z), 1

6. max(0, ay + 2z) = max(a; +z,a3+ 3z), L or 3
7. max(a;, + z,a; + 2z) = max(0, a5+ 3z), O or 2

E. BROBRTFIIEBIT RN OBOEE 2R,

4 —HEpEREAEXDRE
ROFO—REIBRHER T RALE R 5,
N W
> max(a;z +b;) = Y max(cer + dy)
=1 k=1
77 Lajcp>0anda; £ for j=1,2,... ,Nk=1,2,... .M &£+ 2,
WL LC 2 0DER a;z+b; & cpr +dy ORADERE {p(j,k),q(j, k)} ZEET D,
EOD o-JERE p(5, k) ITIRFTRE D,
a;p(j, k) +bj = cxp(j, k) + di,
Lo T
b= dy

a; — Cx

p(j, k) =

T, —FF y-TEE g, k) TR AD oIS p(j, k) £V

| | b; — di
q(d, k) = azp(j, k) +b; = —ajaj. — (-},: b= aj — C
;= Cx j—C

(Ljdk» - C;Cb]‘

Th D,

115

N
~

2L

KA L T TSR OB 2 (£ LEETIERA p(, k) = —(b—dy)/(a;—cx),

7=0,1,2,...,Nand k=1,2,..., M} OD—=2(ZF LW LW IFEETHD,
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4.1 FEHR

FEBER S 2
N M
> max(a;z +b;) = Y max(cer + dy)
j=1 k=1
EEZD,

1. BEDRE p(ji, ki) BERIZI DT DMBEADRMETREBEYLSOZ L TH D,

N !
q(j1, k) = Emax(a,jacﬁrbj)}

= le=p(j1,k1)
M
= > max(c;z + d;)
k=1 z=p(j1,k1)
0. EERorEs
N M
> max(a;z +b;) = Y max(cer + di)
=1 k=1
FRRIBIEBESHRZLND,
Mo N
151_‘1?(1?:&1)(\%1” +b; — e —di)) =0

ZORBEEDRZ R p(j1, k) BRI D 2O OUBEAZERFITREBR D L2 L Th D,

M N
mm(malx(ajm + by — cxr — dy)) =0
k=1" j= o=p(j1,k1)

B2 1 OFER A - T RAVERER T E
N

M
Y max(a;z +b;) = Y max(ce + dy)

j=1 k=1
BRI AE < REDUCE Program & %2 6 O FRROMOFHEF & LA FITRT,

Welcome to Reduce (Forbs System Co.Ltd)
REDUCE 3.7, 15-Jan-99 patched to nil ...
1: in "a:\max-plus-eq2.red";

%out "a:\max-plus-eq2.log";
ha:\max-plus-eq2.red

%July 29,04
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%%-——- Solve the max-plus equations -—--%%

%%h%---— The equation to be solved ----- YANA

% max(for j:=1:nn collect hl(j,x))=max(for j:=1:nn collect hr(j,x))$
% where

% hl(j,x):=part(aa,j)*x+part(bb,j)$

% hr(k,x) :=part(cc,k)*x+part(dd,k)$

load sets$

load assist$

operator a,b,c,d,x,eq0,eql,eq2,eq3,f,g,hl ,hr;

operator check;

n0:=12%

%-- Range of the parameter a,b.--$

m0:=12%$ ’%-- Range of the parameter c,d.--$

nnl:=10% %- A number of terms in the left hand side--%%
mml:=7$ %- A number of terms in the right hand side--%%

Wh-— Try 6 times ---%%h

for s:=1:6 do

<<

Y% ~-—— Initial data set ———-%%
aal:=randomlist(n0,nn1)$
ccl:=randomlist (m0,mm1)$

%h-- Simplify the data set ——-Y%i
saa:=mkset(aal)$
scc:=mkset(ccl)$

sac:=saa intersect scc$
aa:=mkset (saa)\sac$

cc:=mkset (scc)\sac$
nn:=length(aa)$
mm:=length(cc)$
bb:=randomlist(n0,nn)$
dd:=randomlist (m0,mm)$

%%-- Possible solutions to the ultradiscrete algebraic equations.--%l
off nat;

for j:=1:nn do hl(j,x):=part(aa,j)*x+part(bb,j)$

for k:=1:mm do hr(k,x):=part(cc,k)*x+part(dd,k)$

%%-— The equation to be solved --%
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on nat;
write max(for j:=1:nn collect part(aa,j)*xt+part(bb,j)),
"=" max(for k:=1:mm collect part(cc,k)*x+part(dd,k))$
off nat;
%%--- The transformed equation ---%%
eql(x):=min(for k:=1:mm collect max(for j:=1: nn collect hl(j,x)-hr(k,x)))$
%%-- Possible solutions --%k
for jl:=1:nn do for kil:=1:mm do
x(j1,k1):=-(part(bb,jl1)-part(dd,k1))/(part(aa,jil)-part(cc,k1))$
counterl:=0$
%%-- Check the possible solutions ~-%%
for ji:=1:nn do for kil:=1:mm do
<<
if sub(x=x(j1,k1),eq1(x))=0 then
<<
counterl:=counterl+1$
x(counterl):=x(j1,k1)$

>>%
>>$
%%--- The set of solutions ---%%
write xx:=mkset(for s:=1:counterl collect x(s))$
write "--—-= ————- " ogi=g," ————— ————— "3
>>$

max(x + 5,2*%x + 9,6%x,8%x + 3)=max(9*x + 10,10%x + 4)

xx = {( - 1)/7}%

xx = {}$

max(Bxx + 10,9%x + 3,10%x + 1)=max(3*x + 5,4*x + 3,6%x)

xx = {( - 5)/2}%$



max(2*xx + 6,3*x + 10,7*x + 2)=max(11,6%x + 8)

xx := {2/3,1/3,6}%

max(0,2%x + 2,11*x)=max(3*x + 5,4%x + 1,8%x + 4)

xx := {( - 5)/3,4/3}%

xx := {1/4}%
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