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Abstract

An elementary introduction to Sato theory is given. Starting with an ordinary differ-
ential equation, introducing an infinite number of time variables, and imposing a certain
time dependence on the solutions, we obtain the Sato equation which governs the time
development of the variable coefficients. It is shown that the generalized Lax equation, the
Zakharov-Shabat equation and the IST scheme are generated from the Sato equation. It is
revealed that the 7-function becomes the key function to express the solutions of the Sato
equation. By using the results of the representation theory of groups, it is shown that the
T-function is governed by the partial differential equations in the bilinear forms which are

closely related to the Pliicker relations.



§1. Introduction

It has been more than two decades since the inverse scattering transform (IST) method
was discovered by Gardner, Green, Kruskal and Miura®) to solve the initial value problems

for the Korteweg-de Vries (KdV) equation,
dupy = 120ty + Ugyy - (1.1)

Though the method was at first thought to be applicable to very restricted class of nonlinear
wave equations, it has been revealed that it actually applies to a wide class of equations,
i.e., the soliton equations. The Lax scheme plays an important role in extending the
applicability.?)

If we introduce the differential operators,

L=0%+2u, (1.2)
3
B =0+ 3ud + Sl (1.3)
where 0 denotes 0/0x, then the inverse scattering scheme for the KdV equation may be
written by
Lib = M, (1.4)
oY
— = B . 1.5
"~ By (15)

If the eigenvalue A is independent of x and ¢, the compatibility condition of Eqs. (1.4) and
(1.5) yields
oL

5 =|B.L]=BL- LB, (1.6)

which reduces to the KdV equation (1.1). We shall call Eq. (1.6) the Lax equation.
Zakharov and Shabat succeeded in solving the nonlinear Schrédinger equation by
extending L to a non-selfadjoint operator.?) Ablowitz, Kaup, Newell and Segur gave a
unified way of giving IST scheme for various equations including the sine-Gordon equation
by means of the expansion in eigenvalues.)’ We can in principle solve the initial value
problems of soliton equations by the IST method.
A formal extension of the IST scheme has also been given by Zakharov and Shabat.?)
From the compatibility condition between 0v/dt,, = By, and O /0t,, = By, we obtain
0B, 0B,
Ot oty

+ [Bn, B =0 . (1.7)



By choosing suitable differential operators B,, and B,,, we can reduce Eq. (1.7) to several

soliton equations. The Kadomtsev-Petviashvili (KP) equation,
(dup — 12Uty — Upgy)y — BUyy =0, (1.8)

is one example of such an equation. We shall call Eq. (1.7) the Zakharov-Shabat equation.
In the IST method, N-soliton solutions are obtained by solving the algebraic equations
derived from the Gel’fand-Levitan-Marchenko equation. The solutions are expressed in
determinant forms.

Hirota’s method is another powerful way of obtaining soliton solutions.®) In this
method, we introduce dependent variable transformations to reduce the soliton equations
into bilinear forms. Then by using a kind of perturbation technique, N-soliton solutions

can be constructed in a systematic way. For example the KP equation is reduced to
(4DyD; — Dy —3D2)7-7=0, (1.9)
by the dependent variable transformation,
u= (log7)sz , (1.10)

where the operators D, etc. are called Hirota’s operators and are defined by

D}a(x) - b(zx) = (% — %)"a(z)b(w’) = %a(w + s)b(z — s) L (1.11)

r=x

If we apply a formal expansion on 7, we obtain the N-soliton solution in the form of a
polynomial in exponential functions. In this method, the transformed dependent variable
7 becomes a key function. We shall call it the 7-function hereafter. Hirota’s method has
been used to obtain not only soliton solutions but several types of special solutions for
many nonlinear evolution equations.

There is another way of expressing soliton solutions. It is by means of the Wronski
determinant.”) Freeman and Nimmo have given the Wronskian representation of soliton
solutions for various equations.®

The diversity of expressing solutions reflects the richness of algebraic structures which
the soliton equations possess in common. It is Sato that unveiled the structures by means

of the method of algebraic analysis. He noticed that the 7-function of the KP equation is

closely related to the Pliicker coordinates appearing in the theory of Grassmann manifolds
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and then discovered that the totality of solutions of the KP equation as well as of its
generalization constitutes an infinite dimensional Grassmann manifold.?) In the concrete,
it has been shown that the 7-functions of soliton equations are governed in common by
the Pliicker relations and can be expressed in terms of determinants with the Wronskian

structure.

Shortly after this discovery, Date, Jimbo, Kashiwara and Miwa extended Sato’s idea
and developed the theory of transformation groups for soliton equations.'®) All these results
make it possible to understand the soliton theory from a unified point of view. For example,
the relationship among the IST method, Hirota’s method and the Backlund transformation
is clearly explained by the infinite dimensional Lie algebra and its representation on a

function space.

A lot of important results have already been presented on these subjects.!?) However,
they are rather mathematical and we think it is not so easy to have full understanding of
the grand theory. Moreover, the progress after Sato’s discovery has been so fast that the
detail of original work seems not to be popular even at present. Though there are several
lecture notes based on the talks given by Sato!?), they are mostly written in Japanese.

There are only two short papers which Sato himself wrote in English.?)!3)

Considering this situation, we attempt in this paper to explain Sato theory in an el-
ementary fashion. Almost all the results included in the following are due to Sato. Since
our aim is to introduce the theory in plain language, we make no attempt to be mathe-
matically rigorous. We hope that this paper may serve as an entrance to this magnificent

theory.

In §2, we introduce the microdifferential operator and discuss the relationship between
the solutions and the variable coefficients of an ordinary differential equation. In §3, we im-
pose an assumption that the solutions also depend on an infinite number of time variables.
By giving the dependency explicitly, we obtain an equation governing the time development
of the variable coefficients. We call it the Sato equation, in which the 7-function plays an
important role to express the solutions. It is shown in §4 that a generalization of the Lax
equation and the Zakharov-Shabat equation can be derived from the Sato equation. In §5
we introduce a linear system associated with the generalized Lax equation. We see that
the system reduces to the IST scheme if a certain condition is imposed. The structure of
the 7-function is investigated in §6. It has a close relationship to the representation theory

of groups. We find that, as a result, the 7-function satisfies partial differential equations
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which relate to the Pliicker relations. The KP equation in its bilinear form comes up as
the simplest nontrivial one of such differential equations. In §7 we explicitly express the
solutions of the Sato equation in terms of the 7-function. The result also gives the explicit
expression of the solutions of the generalized Lax equation and the eigenfunction of its
associated linear scheme in terms of the 7-function. The concluding remarks are given in
68. Finally in the appendix, we present some results of the representation theory of groups

which are useful for discussing the structures of the 7-function.

62. Basis of Sato theory

Let us introduce a microdifferential operator,
W=14wd ' +wd 2+ws0 3+, (2.1)

where w; (j =1,2,...) are functions of z and 07" is formally defined by

—-n __ d —-n
0 "= (@) . (2.2)
If we employ the Leibniz rule,
n nn—1)...(n—r+1)d"f .,
o) =y M e (23)

r=0

then 0™ can be a well-defined operator even for negative integer n. For example, we have
O f=fot =7 £ [0 — e,
O 2f = fo 2 =203 +3f07*— ...,

where the prime denotes the differentiation in z.

For Eq. (2.1), the inverse operator W1 exists and is written by

Wt =14+v0 4002 +v30 2 +--- | (2.4)
where
v] = —wy , (2.5a)
vy = —wy + w? | (2.5b)
v3 = —ws + 2wiwy — wiw| — w? | (2.5¢)



Though the general theory is developed for W = Z wy ()0™ ", weg = 1, we confine our-

n=0
selves to

W =14+w 0 ' +wd 24 +w,d™ ™, (2.6)

for simplicity.!® It is noted that the essence of the general theory is still kept in this
simplification.

Let us consider the ordinary differential equation,

W™ f(2) = (O™ +w 0™ + -+ + wy) () =0, (2.7)
which has m linearly independent solutions, fM)(z), f®(x), ..., f")(z). We assume
that W) (z), j=1,2, ..., m, are analytic, i.e.,

D) = e 4 Lo, o Lew) 2 -
f9(x) =& +ﬁ£1 x+5§2x+~--, j=12....m. (2.8)

Then the rank of the oo x m matrix,

&) &) g
il IS L S (2.9)
is m and = satisfies
woomL ST 2= 2.10
. (’ﬂ’i"”)“_ ) (2.10)

For an m x m regular constant matrix R, ZR also satisfies Eq. (2.10), i.e., = is only unique

up to a multiplicative factor in GL(m, C). Hence = can be regarded as an element of
{00 x m matrix of rank m}/GL(m,C) ,

which is called the Grassmann manifold GM(m, oo).

We introduce a shift operator,

O
el
—_

(2.11)



Then, we have

2
eXp(JJA):I—{—xA—|—%A2+...

1 x 2?2/2! 23/3
1 r  x2?/2
_ 1 x (2.12)
0 1
Moreover, we find
f@ @ fim)
afrm  9r® af(m)
o2fM 92 f) 92 f(m)
H(z) = exp(zA) =2 = . : : (2.13)
We now consider the problem to determine W, from the solutions, f(V), f, ... fm),
Equation (2.7) yields
(@ Dy + @2 D)y o f Dy = —0m O
(@™ LNy + (™2 )y + - 4 fMg, = =M F)
By solving these simultaneous equations, we find
gm—1 1) —om f() @
gm—1 f(m) _gm f(m) Fom)
Wi = m—1 (1 m—j (1) ONE (2.14)
ot oy S
gm—1 f(m) gm—3 f(m) Fm)
or (from Eq. (2.6)),
f fim) o—m
amf.lf(l) amfl.f(m) 671
m £(1) m f£(m)
w,, — 9" AR (2.15)
f fim)
am—.lf(l) 8m—if(m)



In Eq. (2.15), the operator &’ has to be put in the rightmost position when we evaluate the
determinant of the numerator. The denominator of Eq. (2.14) or (2.15) is the determinant

of the matrix consisting of the first m rows of H(x), and is a Wronskian.

§3. Sato equation

We here assume that w; (j = 1,2,...) in Eq. (2.1) are also the functions of an infinite
number of time variables ¢ = (¢, %2,t3,...). Then the solutions of Eq. (2.7), fU), include

t1, to, t3, ... as parameters,

and hence H defined by Eq. (2.13) may also be written as H(z;t).

Let us impose the condition that H(x;t) evolves in time as

H(x;t) = expazA expn(t,\) 2, (3.1)
where
n(t,A) = t, A" (3.2)
n=1

If we formally expand the operator,

exp{(z + t1)A + taA> + £5A° + -} = " p, A", (3.3)
n=0
we find
x”otlfl tg2 ce
n t1,ta, ts,...) = - 12 34
P (ﬂf—f‘ L2 53 ) Z _ 7/0!1/1!V2!"- ( )
vo+vy+2vg+3vg+-=n
vQ,v1,v2,v3,...>0
The first few p,,’s are
po=1, (3.5a)
pr=xz+11, (3.5b)
1
P2 = §($ +11)? +ta, (3.5¢)
1
ps= o+ t1)? + (z +t1)t2 + t3 . (3.5d)



These polynomials have the property

Opn,
éL:pmm, (pp =0 for n<0), (3.6)

and, especially,
Ipn
Ox

We remark that the p,,’s play an important role in the representation theory of groups (see

=Pn—-1 - (37)

Appendix). By means of these polynomials, H(z;t) is expressed by

1 P11 p2 p3 ... él) 5(()2) L é'(()m)
1 p1 pa ... g§1) f§2) . §§m)
H ;t = 1 pl “ .. m
(w:t) R N A A
héi)(x; t) héz)(:v; t) ... h(()m)(ac; t)
= [ 1@ty nP @) o B () | (3.8)

The elements of the above matrix, h,(f )(33; t), have the following properties:

h(()j)(x;()) = f9(2), (3.9)
and () ()
: Ohg’ (z;t)  O"hg’(x;t)
RO (i) = 20 Y0 0 v 1
n (‘T7 ) atn axn (3 0)
Namely, h(()j )(x; t) is the solution of a set of linear partial differential equations,
0 o
— — —)h(x;t) = =1,2,... A1
(atn 8In) (I, ) 07 n » e ) (3 )
with the initial value
h(z;0) = f9)(2) . (3.12)
We consider that W, ((and w; ) in Eq. (2.6) also depend on ¢ so that
Wan ()0 g (s )
= (0™ + wi (23 )0 4 - wp (2 1)AS (238)
—0, j=12,...,m. (3.13)
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In the similar way to §2, we see that w;(z;t) and W, (z;t) are expressed by

SRR 0 B 1
N COR A
w;(z;t) = —m=1 o 0 , 3.14
N IR 40
RPN N 1R
and
Do gem
h%iz_l h%T_il o1
YU N\ 1
Wn(x;t) = — , 3.15
(1) p i (3.15)
i b

respectively. In §7, we will show that the numerators of w;(x;t) can be expressed by certain
derivatives of the denominator. Hence, the denominator of Eq. (3.14) or (3.15) becomes
an important function which yields all the w;’s. We shall also see in §6 that it actually
gives the 7-function mentioned in §1.

We now pose a problem to determine the time evolution equation for W, (z;t). Dif-
ferentiating (3.13) by t,, and employing the property (3.10), we have

( oW,
Oty

which is the ordinary differential equation of (m + n)-th order and shares the same linearly

" + Wi 0™ 0™ (x1t) =0, (3.16)

independent solutions as Eq. (3.13). Therefore the differential operators in Eq. (3.16) has

to be factorized as
oW,

5 o + W, 0mo" = B,W,;,0™ , (3.17)
where B, is a differential operator. By applying 9~"W,, ' from the right, we have
oWy, _
By = =W, Ly womw ot (3.18)

From the properties of the operators W,, and W,, ', we know that the first term of the
right hand side of Eq. (3.18) consists only of the terms with 07"(n = 1,2,...). Hence we
have

B, = (W,0"W,,,”HT | (3.19)
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where ()t denotes the differential part of the operator. Consequently, it is shown that

the time evolution of W, (x;t) is governed by

oW
== Bn - " ) 2
o W —Wwa (3.20)
By = (Wo"w—H*, (3.21)

which we call the Sato equation hereafter. The first few of B,, are explicitly given by

B, =9, (3.22a)
By = 0% — 2wy 4 , (3.22b)
Bg = 83 — 3w17x6 — 3w27w + 3w1w17w - 3lU17ww 5 (322(})

B4 = 64 - 4w17x82 — (41,U2,$ + 610173;:5 - 4w1w1,$)8
- 4w3,x - 6w2,m$ - 4w1,x:mc + 4w1w2,:c + 4w1,xw2

+ 6w wy gx + 8w17m2 — 4w%w1,x , (3.22d)

where w; ¢ ...z denotes 8£wj/8x£.
——

Since tlie similar argument is possible for the operator W defined by Eq. (2.1), we
have dropped the suffix m in Egs. (3.20) and (3.21). It is an important fact in the following
discussion that the solutions of Eqs. (3.20) and (3.21) are given in the form of Eq. (3.15).
From the results in this section, we see that t; plays the same role as . Hence, we will

use t; or x without distinction hereafter.

84. Generalized Lax equation

We have shown in the preceding section that the time evolution of W (x;t) is governed
by the Sato equation (3.20) and (3.21), and the coefficients in W (z;t) are expressed in
terms of the set of linearly independent solutions of the ordinary differential equations
(3.13). In this section we show that a generalization of the Lax equation (1.6) and the
Zakharov-Shabat equation (1.7) can be derived from the Sato equation.

We define an operator L by

L=Wow~, (4.1)

which can be written as
L= 8 + Ugail + U,3372 + U4873 =+ (42)
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Substituting Egs. (2.1) and (2.4) into Eq. (4.1), we find that the coefficients u; in Eq. (4.2)

are related to w; as

U = —W1,x , (43&)
U3 = —wW2 ¢ + wiw1,z , (43]3)
_ 2 2 4.3
Uy = —W3,p + WIW2 5z + W1 oW — W1 W1 gz — W1g (4.3c)

Differentiating L by t,, and using Eq. (3.20), we have

oL oW _ ow 1
= (B,W —Wo™)ow ! —wow B, W — Wo")W~!
= B,WowW ! —wWow~'B, , (4.4)

where we have used the fact that

dWW-1) oWl ow.___

=W W t=0. 4.5
at, at, | ot (4.5)

Consequently, we obtain
STL =[Bn,L|=B,L—- LB, , (4.6)

which may be called a generalized Lax equation.

It is clear from the definition of L that
L"=Wo" w1, (4.7)
and therefore B,, may be written by
B, = (L™7" . (4.8)

If we use u; instead of w;, Egs. (3.22a)~(3.22d) are expressed as

B, =0, (4.9a)
By = 0% 4 2uy , (4.9b)
Bs = 9% + 3u20 + 3uz + 3uz.. , (4.9¢)
By = 0* + 4up0® + (dug + 6ug )0 + 4uy + 6us , + 4ug oy + 6u3 | (4.9d)
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respectively.
We now show that an infinite number of equations are derived from the generalized

Lax equation. For n = 2, Eq. (4.6) are written by

ﬁuQ -1 8U3 _9 aU4 _3

229 Z759 =719 e

¢ T’ Tl *
= (0% 4 2u2) (0 + w0t +uz07 2+ ) — (O 4+ ud t +uz0™2 + -+ ) (9% + 2uy)
= (u2,1‘x + 2“3,1)8_1 + (u3,axr: + 2“4,1‘ + 2“2“2,1‘)8_2

By equating the coefficients of 077,57 = 1,2,..., we get
8uz

B, Uz +2uz 4 (4.10a)
8U3
S T U3gx T 2“4,x + 2“2“2,3: ) (410b)
Oty
0

4 = U4,zx -+ 2U5,$ — 2U2U,2,I$ + 4UQ7:EU3 y (410C)

Oty

Similarly from Eq. (4.6) with n = 3, we get

ou
52 = U2 gzz + U3 gz + 3Us y + Ougus 4 | (4.11a)
3
6U3
8T = U3, zxx T 3u4,xm + 3“5,$ + 6“2“3@ + 6“2@”3 ) (411b)
3
8U4
o = U4gx T 3%5 zx T 3u6 T 3“2”3 Tr 3“2 xz U3
atg ) ) ) ) )
+ 3ugus ¢ + Yug zus + 6usus 4 (4.11c¢)
Following this procedure for n = 4, 5, ..., we get an infinite set of equations for the
dependent variables ug, us, ug, .... If we eliminate us, uy from Egs. (4.10a), (4.10b) and

(4.11a), we obtain an equation for us,

d , Ouy duy  DPuy 9%us
—(4— —12 — — = 4.12
9e Yo, 122y T a) e 0 (4.12)

which is nothing but the KP equation (1.8). Because this equation is the simplest nontrivial
one which is obtained by this formalism, we call the infinite set of equations the KP

hierarchy.
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It is readily shown that

oL™
=[B,,L™], 4.13
o = (Bu L) (413)
form,n=1, 2, 3, .... Hence we have
oL™ oL"
- =[B,,L™] - [B,,L"] . 4.14
e L A B (414)
If we write
L" =B, — B,“, (4.15)

then B, consists only of the terms with 977, j > 0. Substitution of Eq. (4.15) into
Eq. (4.14) yields

oL™ oL
Oty Olm,

=[L" + B,°, L] — [Byn, Bn — By"]
— [Bncv Bm - Bmc] - [Bma Bn - Bnc]
= [Bn, Bim] — By, Bn] - (4.16)

Taking the differential part of Eq. (4.16), we obtain

0B, 9B,
Oty Otm

= [Bn, Bm] » (4.17)

which is the Zakharov-Shabat equation (1.7). If we choose m = 2 and n = 3, then we
recover the KP equation (4.12) from Eq. (4.17).

§5. Linear system associated with the generalized Lax equation

A linear system associated with the generalized Lax equation may be written as fol-

lows:
Ly =\, (5.1)
% = B, (5.2)
a% =0. (5.3)

In fact, Eq. (4.6) is derived from the compatibility condition among Egs. (5.1)~(5.3).

Equation (5.1) is considered as an eigenvalue problem for the microdifferential operator L
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and Eq. (5.2) describes the evolution of the eigenfunction for each of the time variables ¢1,
to, ...
In this section, we first investigate the structure of the eigenfunction. From the defi-

nition of L, we find that Eq. (5.1) is rewritten as

OYg = Mg (5.4)
where
o =W . (5.5)
Integration of Eq. (5.4) yields
wo :g(tg,tg,,...;)\)e)\x N (56)
or
w1 (1] x
¥ o= (L+ =5t g o)t ts AT (5.7)

where g is an arbitrary function of the arguments. We may assume that g is analytic in A.
On the other hand, by noticing Eq. (4.15), we have from Eq. (5.2) that

377[} _ n c
o= (L™ + By ) . (5.8)

As mentioned in §4, B,,© consists only of the terms with =7, j > 0. From the Leibniz rule

(2.3), we see that, for j =1,2, ...,
L7 =977 — ju28_j_2 4o (5.9)

which means that =7 can be expressed in terms of L as

077 = vL", (5.10)
=y
where 7,’s are suitable functions of ¢, to, .... Hence, Eq. (5.8) may be written by
0
871/’ = (L" + vp1 L'+ vpa L7241 (5.11)

where v,,;’s are also suitable functions of ¢, g, .. ..
From Eq. (5.1), we have
LI =Ny . (5.12)
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Substituting Eq. (5.12) into Eq. (5.11), we obtain

9

Uni Un2

— T (N .. 1
i (A" + vttt )Y, (5.13a)
or
O Jogap = Am 4 Und y Un2 (5.13b)
oty o7 PR ' '
From Eq. (5.13b), we obtain
log ) = Z Nt; +to+ Z'Uj)\_j , (to; const.) , (5.14)
j=1 j=1

which may be considered as the Laurent expansion of logy at A = oo and the first term of
the right hand side corresponds to its principal part. In Eq. (5.14), v;’s are again suitable
functions of ¢y, to, .... From Eq. (5.14), we have

Y= eXp(Z VAT exp(to + My + X2ty + 1) . (5.15)
j=1

oo
Expanding exp(z v;A77) in 1/ and imposing the condition that the resultant 1 coincides

j=1
with Eq. (5.7) at to, t3, ...= 0, we finally obtain
wz(1—|—E—f—%—|—~-)exp(t0+)\t1+)\2t2—|—--~). (516)

AN

Consequently, the eigenfunction of the linear system (5.1) and (5.2) can be directly related
to w;’s which are included in the solution of the Sato equation, (3.20) and (3.21).

We now show that the linear system (5.1)~(5.3) reduces to the IST scheme mentioned
in §1, if a certain condition is imposed. Let us assume that L¢ consists only of its differential

part B,, for a certain /,

L‘=B, . (5.17)
This condition also implies that
LF = By, , k=1,2,.... (5.18)
Then, Eq. (5.1) reduces to
Breth = X\ | k=1,2,.... (5.19)
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Moreover, Eq. (5.2) gives

a—d’:)\’“%, k=1,2,.... (5.20)
Otre
Comparing Eq. (5.20) with Eq. (5.16), we find
awj
— =0 Lk =1,2,... 5.21
8tk£ ) j? ) ) ) ( )

which means that all of w;’s are independent of ¢, ta, t3¢, .... This situation is called
(-reduction.

In the case of 2-reduction, Eq. (5.19) with k£ = 1 is written by
(02 4 2ug)) = N2 | (5.22)

which is the Schrodinger-type eigenvalue problem. From Eq. (5.17), L? = Bs, all of the

coefficients of @7, j > 0 in L? must be zero. Then we have, for example,

1
Uz = —5U2e (5.23a)
1 1
Uug = Uz — §u§ , (5.23b)
_ ! + (5.23c)
Us = 8u2,mwm 2u2u2,m . -49C
Here, Eq. (5.2) with n = 3 gives
0 3
Ot 2~

Equations (5.22) and (5.24) taken together are essentially the same as the IST scheme for
the KdV equation (1.1).
If we consider
O

ots = B¢, (5.25)

instead of Eq. (5.24), we recover the IST scheme for the fifth-order KdV equation of the
Lax-type.

In the case of 3-reduction, we have the third-order eigenvalue problem,

Bst) = (0% 4 3u20 + 3us + 3ug. )t = X3 . (5.26)
If we here consider 5
o0 _ Batp = (0% + 2ug)¥) (5.27)
Oto
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as the associated equation for the time development of v, then the compatibility condition
of Egs. (5.26) and (5.27) yields the Boussinesq-type equation,
882—%2 = —%uz,mm — 2(u3) sz - (5.28)
Finally, in the case of 4-reduction, the eigenvalue problem, B4y = A*1), is of the fourth-
order. If Oy /0ts = B3 is considered as the associated equation, then the compatibility
condition yields the coupled KdV equation discussed in Ref. 15).

§6. T-function

In the preceding two sections we have shown that various analytical schemes to treat
soliton equations may be derived from the Sato equation (3.20) and (3.21). Furthermore,
we have seen that not only the solutions of soliton equations but the eigenfunctions in the
IST scheme are directly related to the solutions of the Sato equation. As mentioned in §3,

the latter solutions are expressed in terms of the 7-function,

IS
0 pim

T(z;t) = ‘1 1 . (6.1)
SO I

In this context, we here study the structures of the 7-function in more detail.
Since the 7-function is the determinant of the matrix made of the first m rows of

H(z;t), it may be written as

[ &) &) oM
1 pr p2 p3 ... 5%13 5%2; f%mi
I p p2 ... "
(1) = det o ER 2
0 .
1
= det (Zo" expn(t,A) Z) , (6.2)
where 2y’ is an m x oo matrix defined by
1 0 0 .
oy 1 0 0 ... (6.3)
1 0 0
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In this expression we have omitted z-dependence because t; plays the same role as x. As

a consequence, the p,’s in Eq. (6.2) are defined by

tR L

vilvalg! -
v1+2va+3v3+--=n 1272773

Using the expansion theorem on the determinant of product of matrices, 7(f) can be

expanded as a sum of the products of determinants;

p»gl peg AR p‘g'rn
Pei—1 Pes—1 s Pe,,—1
Tty= > . . .
0<ly << <l
Pti—m+1 DPlo—m+1 -+ Pl,—m+1
(1) 2 (m)
O R
1 2 m
% 5(2 642 ce 5@2 ’ (65)
D 2 m)
‘gm Em “ .. em

where the summation is taken over all possible combinations of m nonnegative numbers,
(pn, =0 for n < 0 as in Eq.(3.6)).

For each set of numbers (¢1,¢5,...,¢,,), it is possible to define a corresponding di-
agram. Let us prepare a chain of cells, each of which is numbered in numerical order
(Fig. 1). We put Fermi particles in (i) all of the cells numbered less than and equal to —m,
and (ii) each of the cells numbered ¢; —m+1, lo—m+1, ..., £, —m+1. For example, if a
set of numbers (2, 3,5,7) is given, then the cells are occupied by Fermi particles as Fig. 2.
If no number is assigned (m = 0), the diagram is as Fig. 3, which may be considered to
be the vacuum state. This type of diagram is called the Maya diagram after Sato. It is
noted that the correspondence between the set of numbers and this diagram is one to one

for fixed m.

Figs. 1~3

There is also the one to one correspondence between a Maya diagram and a Young

diagram. Suppose that we have a Maya diagram. If a cell is occupied by a particle in the
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diagram, assign a vertical line T, and if it is empty, assign a horizontal line —, respectively.
Then we obtain a connected line. For the vacuum state we have a line with one corner. The
diagram surrounded by these two lines gives the corresponding Young diagram. Figure 4
shows the procedure to construct the Young diagram for the Maya diagram of Fig. 2. The

vacuum state itself corresponds to the Young diagram ¢.

Fig. 4

Thus we find the one to one correspondence between a set of numbers and a Young
diagram for fixed m via a Maya diagram. This correspondence is quite reasonable. In
fact, the Young diagram is introduced to classify the irreducible representation of the
symmetric group. Also the determinants composed of p;’s in Eq. (6.5) are the Schur
functions themselves which appear in symmetric group theory.

Since the correspondence is one to one, we may denote

Do, Do, . De,,
DPey—1 Dey—1 De,,—1
Sy(t)=| . : : (6.6)
bey—m+1 Plo—m+1 -+ Pl —m+1
and
gy &2 .o
(1) (2) (m)
o= | S S (6.7
M @ m
o) & g

where the suffix Y means the Young diagram corresponding to the set of numbers ({1, ¢5,

.+, ). Tt is noted that, although different sets of numbers may correspond to a certain
Y if m is not fixed, the right-hand side of Eq. (6.6) gives the same function for those sets.
With these notations, Eq. (6.5) may be written by

Tty= > Sy(t)é&y, (6.8)
p<y<m{ T

where the summation is taken over all Young diagrams which have less than m + 1 rows.
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The case of m = 2 gives a simple example of this expansion:
(1) ¢(2)

0 0
7(t) = det (pO P P2 ) gt &

0 po p
_ | Po g & po p2|| &Y &7
10wl dol |0 ml[d o
RO
0 || €
= S¢&p + Soén + Sém + -+ (6.9)

As shown in Appendix, it is possible to expand an arbitrary analytic function f(¢) in
Sy (1),

Y
The coefficient cy is uniquely determined from the orthogonality condition as
ey = Sy (0) f(t)]e=0 , (6.11)
where 9, is defined by 5 5 5
~ 1 1
O = ( o) (6.12)

9t 20ty 30ts’
Equation (6.8) is also considered to be the expansion of 7(¢) in Sy (t). Since the expansion
(6.10) is unique, this is also unique.

For the coefficients £y’s of 7-function, there exists an important property that they
always have to satisfy constraints called the Pliicker relations. Let us derive these relations
in an elementary way. We first consider the simplest nontrivial case m = 2. For the 7-

function (6.9), we choose four numbers, k, {1 < ¢ < {5, and notice a trivial identity,

](gl) 5(1) 5(1) 5(1) ]gl) 0 0 0
gl(f) 5(2) 5(2) 5(2) B 15;2) 0 0 0| . (613)
= 1 1 n|=Yv. .
0 5(1) 5(1) 5(1) 0 ér( ) £( ) 5( )
0 5(2) 5(2) 5(2) 0 5(2) 5(2) 5(2)
By applying the Laplace expansion to the first determinant, we obtain
](Cl) 5(1) ‘ 5(1) f(l) 1(61) 5(1) ‘ 5(1) 5(1)
](€2) 5(2) 5(2) 5(2) l(f) 5(2) 5(2) 5(2)
(1) 5(1) 5(1) 5(1)
t Zz) 5(2) 5(2) 5(2) =0, (6.14)
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which gives constraints among &y’s. For example, if we choose (k, {1, ¥2,¢3) = (0,1,2,3),
Eq. (6.14) is reduced to

ol — o+ §mgp =0 (6.15)

Similarly we have

Eobin— &b + &gy =0, for (k f1,ly,l3) = (0,1,2,4) ,  (6.16a)
§o8m— &mégo + o =0, for (k,¢1,¢2,¢3) = (0,1,3,4) , (6.16b)
&g — &b +émép =0, for (k4,6 03) = (0,2,3,4) ,  (6.16¢)
8 — g g =0, for (k,01,0o,03) = (1,2,3,4) , (6.16d)

respectively.
Generally for an arbitrary m, by choosing k1 < ko < ... < kp_1and 1 < ¥y < ... <

lm+1, and applying the Laplace expansion to

(1) (1) (1) (1) (1) (1)
Ee, Shy - kml‘g &, - .
f(m) é&](c;n) o é&(m ) ‘ g(m) g(m) o gé::)q
S =0, (6.17)
(1) (1) (1)
S &0, &4, Cimg1
0 3 :
i S(m) g(m) lg:-)u
we obtain
m—+1
Z (—1)°6y, &y, =0, (6.18)
i=1
d=m+i—j, (6.19)
where Y; is the Young diagram corresponding to (k1, ..., kj, 4, kjy1, ..., km—1) and
Yo to (01, ..., li—1, ix1, .., €m+1), and where k; < ¢; < kj;q is satisfied. For all

combinations of k, and /¢, Eq. (6.18) gives an infinite number of constraints on the £y ’s.
These constraints are the Pliicker relations.
On the other hand, if a function f(t) is given as f(t) ZSyfy, and if the &y'’s

satisfy all the Pliicker relations, then f(¢) becomes the 7- functlon that is, f(¢) is written
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in the form of Eq. (6.2). For example, if {4 = 1, the matrix = in the 7-function may be

expressed as

m
fl -\ Y
1 0
== 0 - e (6.20)
E@ - &
fﬁj —&p &o

We have shown that the {y-’s in Eq. (6.8) satisfy an infinite number of bilinear relations.
We now show that the 7-function itself also satisfies partial differential equations with the
same form as the Pliicker relations.

From the definition of 7(¢), Eq. (6.2), we may write

7(t + s) = det(Zple?MN g1l =) (6.21)
If we denote
2(s) = "N =2 | (6.22)
Eq. (6.21) is rewritten as
T(t+s) =) Sy(t)év(s) (6.23)
Y

where the £y (s)’s are in the same form as Eq. (6.7) and satisfy all the Pliicker relations with
parameters s = (s1, Sa, Ss,...). Applying Sy (d;) to Eq. (6.23) and using the orthogonality
condition of Sy (see Appendix),

Sy (01) Sy (t)|1=0 = Oy vy (6.24)

we obtain

7823
~
S
I
»n
~
—
N
3
=
+
V2
~—
T..—
]

= Sy (9,)7(s) . (6.25)
Substitution of Eq. (6.25) into Eq. (6.18) yields
Y DSy (00T HSv. (d)T(1)} =0, (6.26)
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where 0 is given by Eq. (6.19). Equation (6.26) is the bilinear equation for the 7-function.
For example, Eq. (6.15) gives

Se(00)7(t) S0 7(t) = S2(D)7(t) S(0u) (1) + S D) T(1) Sy(De)7(8) =0 . (6.27)

Noticing that Sy = 1, Sy = t1, S = ]/2 + ta, S5 = 1§/2 — t2, S = 1{/3 — t3 and
St = t3/12 — t1t3 + 3, we obtain

1,9 0? 0? 0 _ 1.0 0
2 2
L Lo 0 100 9 )r(t) =0, (6.28)

2(5,—75% + 8_152)T<t) 5(8_t§ " o,

which is essentially the same as the bilinear form of the KP equation.
It is also possible to directly derive the bilinear equations which are written by Hirota’s

operators defined by Eq. (1.11). For the purpose, we evaluate

Dey Dey e Pe,,
Z aﬁl agz ... Z afl aéQ . pél:_l pei_l o pe,,?_1 ,
pel—.mﬂ Pe,y f'm+1 e pﬁm;m+1
where aq, aso, ..., a,, are arbitrary parameters and the summation is taken over all possible

combinations of m nonnegative numbers. In the following, we assume that the set of
numbers (¢1, f3, ..., {p) corresponding to the Young diagram Y need not satisfy the
condition ¢; < ¢ < ... < {,,. Even though the assumption may change the signs of Sy
and &y defined by Egs. (6.6) and (6.7), respectively, the essence of the argument below is
still kept.

We have

Z at*ab? ... alm Sy (t)

Ly Lim
' gz Vi
— — m_]-
Z ayay’ pe -1 a205 " "Pey—1 Am Q" " Pl —1
b 1,¢ 1 1,¢ 1 1.0 '+1
m— m m— m — m—
aq 1 Peti—m+1 Qg 2 Pes—m~+1 am a., m Pe,,, —m—+1
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[oe)
Z al Dey Z CL2 De, Z aqli;bnpfm
£1=0 £2=0 £m=0
o0 [ee) oo
ar Yy af' " pe, az Yy ag 'pe, am Y abr ' pe, 1
= £1=0 £y=0 £, =0
o0
-1 Z ael T Z aez mly, am-1 Z glm=mtly,
£,=0 £5=0 £ =0
Noticing Eq. (3.3) and that p,, = 0 for n < 0, we find
en(taal) en(t7a2) en(tvam)
alen(tfa'l) a2e77(t,a2) a en(t7am)
Z atra? . alm Sy (t) = "
> : : :
a'linflen(t,al) algnflen(t,a2) am_len(t7anL)
= A(ay,az,...,ay) epon(t,aj) , (6.29)
j=1
where
Alar,ag, ... 0;,) = H (a; —a;) (6.30)
1<i<j<m
is the Vandermonde’s determinant.
Let us introduce a function ((t;aq,az,...,an,) by
C(tyar,ag, ... am) = A(ar, a2, ..., am) epon at,aj T(t) . (6.31)
7j=1
From Eq. (6.29), we have
((tar,as,...,am) =Y _ai'af?...aly Sy (9)7(t) . (6.32)
£y
By using Eq. (6.25), Eq. (6.32) is reduced to
frgle t 6.33
ay ag”...a fY()a (6.33)

C(t;a17a27 ceey @

which shows that ¢ plays the role of the generating function for &y ().
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From Egs. (6.18) and (6.33), we have the following identity:

m—+1
Z(—l)l_lg(t;bl,...,bm_l,ai)C(t;a1,~~'7ai—17ai—|—17~~7am+1)
i=1
m+1
. B : i
=3 (Y e b alt (1) ey (2)
i=1
é KZ El m
X Zall e e mff&/z( )
m—+1
—Zb S 1 1 ... amjll (_1)563/1 (t)€Y2 (t)
i=1
=0 ,

(6.34)

where ¢ is defined by Eq. (6.19). It is noted that the Young diagrams Y; and Y5 are the
same as those in Eq. (6.18).

On the other hand, Eq. (6.31) gives

m—+1
Z (=) (b1, b1, @) C(E A1y ey @i, i1y - -y Q)
i=1
m—+1

m—1
—Z Z IA bl,... o — 1,CL1 exp Zn at; +77 ataaZ» (t)
n=1

m—+1
XA(G1, .y i1, Gig 1y -y Q1) exp(z N(0¢, an) —n(0,a;))7(t) . (6.35)
n=1
Hence we have
m—+1
Z (—1)2_1A(b1, ceey bm—17 ai)A(al, ey A1, ai_|_1, e ,am+1)
i=1
1 m—1 1 m—+1 _ _ 1 m—1 1 m—+1 _
X eXP B V; n 3t, —3 2 U(ata@n) + n(atvaz eXP B ; n 3t, 5 2 U(ata@n))T(t)
1 m—1 1 m+1 ~ ~ 1 m—1 1 m—+1 ~
x exp( —3 nZ::l n 8t, 5 2 1(0¢, an) — N0, a;)) exp( 3 nZ::l n 815, 5 2 1(0, an))7(t)
=0. (6.36)
Noticing that
1 m—1 1 m—+1 ~
eXp(§ n(at7 bn) + 5 n(at7 an))T(t)
n=1 n=1
1 m—1 m+1 1 m—1 m+1
_T(t1+§( b, + an), ,t]+2—j( b, + al),...), (6.37)
n=1 n=1 n=1 n=1



m—1 m+1
1 . .
and rewriting ¢; for ¢; + 2—( g bl + a),), we have from Eq. (6.36) that
J n=1 1

+

n

m+1
Z+ (=) Ay, . b1, @) A(A1, . Q1 Qi1 - - s Gg1)
i=1
(s I 1=~ L 1~
x eXp(nZ_:l 150 bn) + (50, ))eXlo(nZ_:1 0(=5 05 an) +1(50s, 0:))7(t + 5)7(t = 5)
0. (6.38)
Then, by means of Eq. (6.29), we obtain
m+1
ST S al i Sy, (5008 (—50)
- T(t+8)7(t — 5)|s=0 =0 (6.39)
Since each of the coefficient of b%" .. bﬁzm ab ai;”jll has to be zero, we get
m+1
> (1) 8, (500)8v, (—500)7(t + )7t ) =0, (6.40)

If Hirota’s operators defined by Eq. (1.11) are employed, Eq. (6.40) reduces to

m—+1
> (1) 8, (5 DS, (5 Doyr(e) (1) =0 (6.41)

=1

For example, the Pliicker relation (6.15) gives
(4D4, Dy, — Dy* — 3D ) 7(t) - 7(t) =0, (6.42)

which is nothing but the bilinear form of the KP equation, Eq. (1.9). Similarly,
Egs. (6.16a)~(6.16d) give

(Dy>Dy, — 3Dy, Dy, + 2Dy, Dy, )7(t) - 7(t) =0, (6.43a)
(D, +4D; Dy, — 9D 2D:? + 36Dy, Dy, — 32D 2)7(t) - 7(t) = 0, (6.43b)
Dy, (D;2D,, — 2D, Dy,D;, + D, 2)7(t) - 7(t) = 0, (6.43c)

(Dy,® —20D;°Dy, +15D;,* Dy, — 72D 2Dy, Dy, + 64D;,2 Dy
+ 48Dy, Dy, Dy, — 36Dy, ) 7(t) - 7(t) =0, (6.43d)
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respectively. These equations form a subset of the KP hierarchy.

§7. Explicit expression of solutions by the 7-function

As mentioned in §3, the solutions of the Sato equation can be written in terms of
certain derivatives of the 7-function. Then, through the transformations (4.3), the solutions
of the generalized Lax equation are expressed by the 7-function. Moreover, from Eq. (5.16),
the eigenfunction of the linear system (5.1)~(5.3) is also expressed by the 7-function. In
this section, we give explicit expression of those functions.

Following Freeman and Nimmo®), we introduce the notation,

MY RS
h(l) h(2) o h(m)

101,09, ... ly| = ‘iz ’:2 5_2 , (7.1)
BD ALk

where h) satisfies Eq. (3.10). Then, the 7-function (6.1) and the solutions (3.14) of the

Sato equation are simply written by

T(z;t) =10,1,...,m—1| , (7.2)

and
10,1, .oom—j—1Im—j+1,....om
10,1,...,m— 1]

wj(z;t) = (—1) , (7.3)
respectively.

By using the Vandermonde’s determinant defined by Eq. (6.30), the 7-function may

also be expressed as

T(z;t) = A(Ozyy Opyy - -, Ox,,) hél)(:vl; t)h(()2)(x2; t)... hém)(xm; t) (7.4)
T1,..., T =T
If we differentiate Eq. (7.4) by t;, we obtain
0 “- m
S = D 0L A0y, 0, NG @13 ) G (s , (7.5)
¢
=1 T1,yeeeyTon =T

where we have used Eq. (3.10).
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Let us operate Sy (9;) on Eq. (7.4) for a certain Young diagram Y. From Eq. (A.20),

we have
81?11 . 6’“”
)T = pr o moman ! am!T ) (7.6)

By using Eqgs. (7.5) and (A.5), Eq. (7.6) is reduced to
m.pr hp(Q 0™ - ()
k=1 k=1

X A(@ml,...,amm)h(l)(xl, £) . B (@ t)

(7.7)

L1y, Ton =2

If we take ¢; = 0,, in Eq. (A.15), we have

O 00" Qo) = Z XY Sy (9s) (7.8)
k=1 k=1

Y=
where 0, means (0,,, Ou,, ..., Ox, ). We then obtain
. 1 ,
Sy(@)r=— > D hoXpxp
CY|=mop
X Sy 1 (02)A(Bays - -, 0, ) WS (@138) o BT (@i ) (7.9)
T1,..., Ty =T
The orthogonality condition for the irreducible characters, Eq. (A.4), yields
Sy (007 = Sy (02)A(Ba,, - - ., 00, VRS (158) .. hS™ (23 t) (7.10)
T1,..., T =T
By taking €; = 9,, in Eq. (A.13) and substituting Sy (8,.) into Eq. (7.10), we have
grm  Qymtt o guitm—l
- orm gymttt L gutmel
Sy@)r=1| "= = hD(@yst) . ™ (@i t)
. . : T1yeey T =T
gun gum T guamet
= | VmyVm-1+1,...,v1+m—1] , (7.11)
where [v1, v, ..., Vy] is the partition corresponding to the Young diagram Y.

If we consider the partition [1,1,...,1,0,0,...,0] or the Young diagram E} j, then

J

v~ v~
J m—=j

Eq. (7.11) gives

SE}j(ét)T: 10,1,....,m—j—1m—j+1,....m| . (7.12)
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Substituting Eq. (7.12) into Eq. (7.3), we find

w; = (—=1)7 =Sy (9) T . (7.13)
»

This is an explicit expression for the solutions of the Sato equation in terms of the 7-
function.

The expression (7.13) may be simplified by using some properties of the Schur function.
From Eq. (A.18), we have

Sy (B) = %thxg}j (Lyer(Dyoa (D yes (7.14)
E}J J: at1 8752 8t]

and

s Ly, D
S@(—at) = il Zp: hpX,p

% (_1)O¢1+Ot2+"'+0¢j(aitl)al(%)oQ (i)aa ) (7.15)

By using the relation between the irreducible characters XEE and X@, Eq. (A.2), and

noticing that

Serrmy(t) = p;(t) (7.16)
v
we finally obtain
1 .
wj = —pi(=0) 7, (7.17)
which is the simplified expression for the solutions of the Sato equation. For example, we
have
1071
__lor 1
wq o (7.18a)
1 0% oOr
e .18b
2 27(8x2 8752) ’ (7.18b)
1,03 0%t or
= —— -3 2—) . 7.18
ws =5 ow 3 auan, T 2ot (7.18¢)

The solutions of the generalized Lax equation can also be expressed in terms of the
7-function through the transformation (4.3). For example,
82

uz =53 logT , (7.19a)
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1 03 0?
s = 5(_ x3 + 6:1:3t2)10gT ’ (7.19)
1 9 92 92
_ = _ 9 1 — (=1 2 1
us = 5050 "3 5m2an, T 2anan,) 08T~ (52 o) (7.19¢)

Especially, Eq. (7.19a) is nothing but the dependent variable transformation (1.10) to
reduce the KP equation to its bilinear form.

It is also possible to express the eigenfunction (5.16) in terms of the 7-function. Sub-
stitution of Eq. (7.17) into Eq. (5.16) yields

b L { o) pa(=0)r } RSV
-

) A?
I O N . N R W to-F Aty A%t
_T{<Z 1/1!( A ) Zl/2!(2)‘2> e
v1=0 ve=
1 1 1
= {eXp(_Xatl - 2_)\23:52 - )7'} eloF M+ X ta e (7.20)
Thus we obtain 1 1
q/) _ T(tl — X,tQ T oaZ0 ‘)eto+)\t1+>\2t2+"' (7 21)
T(t1,t2,...) | |

§8. Concluding remarks

We have made an introduction to Sato theory in the preceding sections. It has been
shown that the Sato equation generates the generalized Lax equation, the Zakharov-Shabat
equation and the IST scheme. It has also been shown that an infinite number of nonlin-
ear evolution equations (the KP hierarchy), of which the KP equation is the simplest
nontrivial one, share solutions. The 7-function is the key function to express the solu-
tions. By employing the results of the representation theory of groups, we have shown
that the partial differential equations governing the 7-function are closely related to the
Pliicker relations and may be written in bilinear form. The solutions of the Sato equation,
and consequently those of the generalized Lax equation and the eigenfunction in the IST
scheme, are explicitly expressed by the 7-function.

Since the aim of this paper is the elementary introduction to Sato theory, we did not

include any further results. The extension to the multi-component systems includes the
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nonlinear evolution equations such as the nonlinear Schrodinger equation and the sine-
Gordon equation. The theory also applies to discrete systems such as the Toda equation.
Date, Jimbo, Kashiwara and Miwa have extended this theory by using the method of field
theory. In this approach, the relationship between the soliton equations and the infinite
dimensional Lie algebra becomes apparent. Moreover, the vertex operator is shown to

have a close relation to the Backlund transformation. Interested readers may refer to
Refs. 10)~14) and 16).
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Appendix : Results from the representation theory of groups
In this appendix, we present some results of the representation theory of groups which
are useful to discuss the structures of the 7-function.
A-1  Irreducible character
We consider the symmetric group S,,, i.e., the permutation group of m numbers. The

number of elements is m/!.

Example The elements of S3 are

1 2 3
2 3 1)7

W N
N W

VR
LY =
= N

INNGE]

1 2 3 1 2 3 1 2 3
3 2 1)7° 2 1 3)7° 1 2 3)°
The elements of S, are classified into the classes (1*1, 2%2, ... m®m), where a; +

2000 4+ - - - + Mmay,, = m.

Example For S3, we have

—~
—
—
(N}
.
N—
W
VR
— =
NN W W
N o
~
VR
LW =
NN =N
_ W
~
VR
N —
— N
W W
~

Irreducible representation of S,,, is characterized by the partition [A], where
Al = [A1, A2, -0, A
means the set of numbers satisfying
MAX+ - Ap=m,

AM2>XA>. >0, >0,
To each partition [A] there corresponds a Young diagram.
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Example For S3, we have
34+0+0+«—[3,0,0]or[3] «— [T,
24140« [2,1,0]0r2,1] «— ],
14141 [1,1,1or[1%] %ﬂ
The partition has the one to one correspondence to the set of numbers (¢4, lo, ...,
) introduced in §6. Namely,
A —— (b1, 0 —1,... by —m~+ 1) (b1,0a, ..., 0pn)
Example For &3, we have
3] «—1(0,0,3) < (0,1,5),
[2,1] «— (0,1,2) «— (0,2,4) ,
[1%] «— (1,1,1) < (1,2,3) .

If a is an element of S,,, belonging to the class (1%, 2%2, ..., m®m), then we have a
relation,
1
s ERe D) Qo Y
tl t2 tm T {o19an . mam Y§| X (a)SY(t> ) (Al)

where Sy is defined by Eq. (6.6), x¥ (a) is the irreducible character, |Y| is the size (the
number of [T's) of the Young diagram, and the summation is taken over all the Young
diagrams of size m.

Example  If a € (3!), then we have

5 (@50 +x P @sp0 +xd@sio]

1 _
ts! = o7

The values of the irreducible characters are determined by Eq. (A.1). The values for
all elements belonging to the same class are identical. Hence xY (a) may be written as XZ,

where p is the class to which a belongs.

Example For S3, we have the following chart of the irreducible characters:
irreducible character
class number of

elements - P E

X X X

(13) 1 1 2 1
(11,21) 3 1 0 —1

(3%) 2 1 -1 1
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From the definition of the irreducible characters, we especially have

A e e

XEEI = =1. (A.2)

There exists the orthogonality relation of the first kind among the irreducible characters,

ooy Z X =dyy’ , (A.3)

m: a€ES,

where the summation is taken over all the elements of S,,,. Since the irreducible characters

are identical for all elements belonging to the same class p, Eq. (A.3) may be rewritten by

1 /
o > hoxyxy =0dvyr (A.4)
p
where |
m!
h, = A5
P 1aaaz o omamaglag! - - oy (A-5)

is the number of elements belonging to the class p.

A-2  Schur function

Let us define F(x) and ¢;, j=1,2, ..., by

m

F(z) = H(l—eyx)_l:1+901x+g02x2—|—--- : (A.6)

v=1

By equating the same powers of z in Eq. (A.6), we obtain

pi(€) = pjler,€2,...,6m) = Z ei‘leg‘?...e?)q‘{” . (A.7)
ArtAe+t A=
On the other hand, we have
F'(2)/F(x) =ty + 2tox + 3tzx® +--- | (A.8)
where
1
o=@ttt (A-9)
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Integration of Eq. (A.8) yields
F(x) = epotgxz , (A.10)
=1
which, by means of Eq. (3.3), reduces to
F(z)=> pea'. (A.11)
(=0
Then, from Eqgs. (A.6) and (A.11), we find

pj(€) = p;(t) - (A.12)

The Schur function is usually defined by

e 6'{’"_11 oentmel
emegmitt et
~ Eyvn 6’/m—1+1 . €V1+m—1
Sp(e) = —"—7— T , (A.13)
&g € ... €
& e et
e et ... et
where [v] means the partition [v1, va, ..., V] (See for example Ref. 17)). It is noted that
the denominator is the Vandermonde’s determinant A(ey,é€a,...,€,). Equation (A.13)
may be rewritten as
Prm Prm—1+1 coo Pritm—1
~ Prpm—1 P —1 coo Pri+m—2
Sy (e) = . _ _ : (A.14)
Prm—m+l  Prpm_1—m+2 - .- P

where Y is the Young diagram corresponding to the partition [v].
By substituting Eq. (A.12) into Eq. (A.14), we find that Sy (e) is equal to Sy (t)
defined by Eq. (6.6). Then, by using Eq. (A.9), we see that Eq. (A.1) is equivalent to

Qe Q)™= Q_e)™ = Y X Svle). (A.15)



A-3  Ezpansion of functions in Sy (t)

An arbitrary analytic function f(t) may be written by

F=>Y > C™ (ay, g, . ..y 0 JE (262) %2 (3t3) 3

m=0 a1+2as+--+ma,=m

Y

(A.16)
where C™ (ay, @, ..., qy) is constant. It is clear that all the elements of the set {t{*
(2t2)*2 (3t3)*s ...} are linearly independent.
From Eq. (A.1), we have
17 (262)°2 . (mt)® = Y xY Sy (t) (A.17)
[Y|=m
The orthogonality relation (A.4) gives
(A.18)

1 (o] (6%) o
Sy (t) = mZh,}x}ftl (2t2)2 ... (M) .
1%

Equations (A.17) and (A.18) show that there exists a linear transformation between

{Sy (t);|Y| =m} and {t]* (2t2)** ... (Mmtwm)*; a1 + 2a2 + -+ + ma,, = m}. Hence we

find that f(¢) can be uniquely expressed in Sy (t) as

t)=> Sy(t)ey
Y

Substituting Eq. (A.5) into Eq. (A.18), we have

a «
lt 2 tocm

Z o R
p 041'042 m!

which gives
1 N2 my
0) = YN g e
. Pr1ea2az ..omamaqlag! - ay,!

Then, using the orthogonality relation (A.4), we find
Sy (01) Sy (t)]t=0 = dyy~ .
Furthermore, if we apply Eq. (6.24) to Eq. (6.10), we obtain

cy = Sy (0r) f(t)|i=o0 -
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Figure Captions

Fig. 1 : The chain of cells to construct the Maya diagram.

Fig. 2 : The Maya diagram expressing the set of numbers (2, 3, 5, 7).

Fig. 3 : The Maya diagram expressing the vacuum state.

Fig. 4 : The procedure to construct the Young diagram corresponding to the Maya diagram

of Fig. 2 and the resultant Young diagram.
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